Closed Weingarten Hypersurfaces in Warped 
Product Manifolds 

Francisco J. Andrade ^* Joao L. M. Barbosa 
Jorge H. S. de Lira^ 

Abstract 

Given a compact Riemannian manifold M, we consider a warped prod- 
uct Ai = I Xh M where / is an open interval in R. We suppose that the 
mean curvature of the fibers do not change sign. Given a positive differen- 
tiable function ip in M, we find a closed hypersurface E which is solution 
of an equation of the form F{B) = ip, where B is the second fundamen- 
tal form of E and F is a function satisfying certain structural properties. 
As examples, we may exhibit examples of hypersurfaces with prescribed 
higher order mean curvature. 

1 Introduction 

Let M" be a compact Riemannian manifold and let / be an open interval 
in R. Given a positive differentiable function /i : / — > R we then consider 
the product manifold M = I x A'l endowed with a warped metric 

ds^ = dt^ + /^^(^)dc^^ (1) 

where da^ stands for the metric of M. We denote the warped metric 
simply by (•,•>. 

Given a differentiable function z : M —> I its graph is defined as 
the hypersurface E whose points are of the form X{u) — {z{u),u) with 
u G M. This graph is difi^eomorphic with M and may be globally oriented 
by an unit normal vector field TV for which it holds that {N,dt} < 0. 
With respect to this orientation, let A — (Ai, . . . , A„) be the vector whose 
components Ai are the principal curvatures of E, that is, the eigenvalues 
of the second fundamental form B = —{dN, dX) in E. 

Let r be an open convex cone with vertex at the origin in R" and 
containing the positive cone. Suppose that F is symmetric with respect 
to interchanging coordinates of its points. Let / be a positive differen- 
tiable concave function defined in F. In what follows, / is supposed to be 
symmetric in Ai and it is required that its derivatives satisfy fi > in F. 
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We may define a function F in the space of symmetric n x n matrices 
S setting F{B) — /(A) so that it makes sense to write down 

F{B{z{n))) ^ f{X{X{u))) 

when the function z is supposed to be admissible, which means that 
\{z{u)) G r for all u G M. Finally, given a positive differentiable function 
i/) : M ^ R, it is geometrically relevant to pose the problem of finding an 
admissible function z which solves the following equation 

F{B{z{u))) = ip{z{u), u), ueM. (2) 

Since the second fundamental form B may be written in terms of z and 
its first and second derivatives it happens that in analytical terms this 
problem is equivalent to prove the existence of solutions for a rather com- 
plicated fully nonlinear second order elliptic equation. Naturally, we must 
impose some additional conditions on the ambient geometry and on the 
structure of / and ip in order to provide a solution to ([2]). 

Concerning the ambient geometry, we must suppose that the leaves 
Mt = : u G M} are mean convex with respect to the inward unit 

normal vector field —dt- This amounts to be equivalent to the condition 
that 

Hi{t) > 0, t G 7, (3) 

where k = h' /h. Let 5 be a strictly increasing and continuous function 
satisfying 5{f) > whenever / > co for some positive constant cq. We 
suppose that 

i i 

in points of the set 

rMi,M2 = {A G r : ^1 > /(A) > ^2}, 

where /ii and /12 are constants with /i2 > Mi > 0. Denoting tpo = inf tp 
we also require that 

limsup/(A) < i/^o, (5) 
A-»er 

for some constant tpo < tpo. Finally we denote k = f{n)- Following this 
notation, we state our main result. 

Theorem 1 Let M"^^ = I x he endowed with the warped metric 
given by IT}. Given t^,t+ with t- < t+, consider the region Mt_,t^ = 
{{t,p) : t- < t < t+}. Suppose that f and h satisfy the conditions (0)-® 
and suppose that ip satisfies 

a) ip{t,p) > k{t) fort < t-, 

b) iP{t,p) <k{t) fort>t+, 

c) dt{hijj) < for t- < t < t+. 

Then there exists a differentiable function z : M" I for which 

F{B{z{u)))~i,{z{u),u)=0 (6) 
whose graph E is contained in the interior of Mt_ ■ 
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Important particular cases of this theorem concern prescribing the r-th 
mean curvatures (") -ffr(A) = S'r(A), where Sr are the elementary symmet- 
ric functions of the principal curvatures which appear in the expansion of 
the characteristic polynomial of B. It may be seen for instance in |13] and 
[llj that these functions fit in our hypothesis if we consider the suitable 
Garding cone. In this sense, the theorem above may be viewed as an ex- 
tension of existence results found in previous contributions to the subject, 
notably the works [T], [12], [TD], [J, [3], 0, [2] and [7]. In these articles, 
it is assumed that the variation rate of tp is controlled in a certain way by 
the curvature of ambient geodesic spheres. For instance, this hypothesis 
in [3] is stated in terms of our notation as dt{ttp) < in Mt_,t^- Here, 
this hypothesis corresponds to item (c) in the statement of the theorem. 

We intend in this paper to show that the powerful elliptic tools pre- 
sented in the references above are flexible enough to be used in a very 
general geometrical setting. Warped products constitute a large family 
of Riemannian manifolds that includes geodesic discs in space forms for 
suitable choices of I and h. Its importance as examples is pervasive in 
Riemannian Geometry. 

The paper is organized as follows. In Section 2, we fix notation and 
present some geometric and analytic preliminaries, including the detailed 
description of the problem. In Section 3 we show that under the hypothesis 
of the theorem, the solutions to the problem remain in the region A/t_,t+. 
In the next section we compute gradient and Hessian of functions which 
resemble the classical height and support functions. Gradient estimates 
are obtained in Section 5. The Hessian estimates proved in Section 6 are 
largely inspired by the technique in [7]. The degree theoretical approach 
to solving the problem is presented in the last section and it is based on 
[8], [9] and [7]. 

2 Preliminaries 

In the sequel, we use Latin lower case letters i,j, ... to refer to indices 
running from 1 to n and a,b, . . . to indices from to n. The Einstein 
summation convention is used throughout the paper. Exceptions to these 
conventions will be explicitly mentioned. 

We denote the metric in M by (•, •). The corresponding Rieman- 
nian connection in M will be denoted by V. The usual connection in M 
will be denoted V'. The curvature tensors in M and M will be denoted 
by R and R, respectively. 

Let ei , . . . , en be an orthonormal frame field in M and let 0^ , . . . , 6*" be 
the associated dual frame. The connection forms 9j and curvature forms 

in M satisfy the structural equations 

de' + 6', AO' ^0, e] = -ei, (7) 
AO] + ei Ae'] ^e]. (8) 

An orthonormal frame in M may be defined by = {l/h)ei, 1 < i < n, 
and eo — d/dt. The associated dual frame is then 6^ = h9^ for 1 < i <n 
and 9^ — At. A simple computation permits to obtain the connection 
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forms and the curvature forms 0^ that are given by 

e] = e], (9) 

6h = {h'/h)e\ (10) 

9} = e) ^{h'^ /h^)e' ^ej, (ii) 

= {h"/h)eo^e\ (12) 

where ' denotes the derivative with respect to t. Our convention here is 
that 

with 

R{v,w) = Vt,Vti, - Vti,V« — V[„_„]. 

The frame Sa we just defined is adapted to the level hypersurfaces 
Mt = {{t,p); p e M}. It follows from dTO]) that each fiber Mt is umbilical 
with principal curvatures 

K(t) ^ h'{t)/h{t) (13) 

calculated with respect to the inward unit normal — eo = ~d/dt. Notice 
that according our convention the Weingarten operator for the leaves with 
respect to this orientation is defined as 

(Veo,ei) = Oq. 

Now, consider a smooth function z : M I. Its graph is the regular 
hypersurface 

E = {X{u) = {z(u),u) : u e M}, 
whose tangent space is spanned at each point by the vectors 

Xi = hei ZiCd, (14) 

where Zi are the components of the differential dz = ZiQ^ . The unit vector 
field 

^=w^Y.-^'^^-^'^-) (15) 

is normal to E, where 

W = ^/WTWW- (16) 
Here, |V'zp = z^Zi is the squared norm of V'z = z^a. The induced 
metric in S has components 

gij = {Xi,Xj) = }i'&ij ^ ZiZj (17) 

and its inverse has components given by 

One easily verifies that the second fundamental form B of E with compo- 
nents (flij) is determined by 

= {'VxjXi,N) = — hzij + 2h'ziZj + h^h'Sij) 
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where Zij are the components of the Hessian V'^z — V'dz of z in M. Now, 
we must compute the components a^- = g'''akj of tire Weingarten map 
A^. To simplify computations, in a fixed point u G A/ where V'z 7^ 0, 
we choose e-i_\u = \7' z/\\7' z\. We call this frame a special frame at For 
this choice, we obtain dz = z\9^ at u. Since the matrices gii\u and 
are diagonal in a special frame, one obtains at u 

a\ = hzii +2h' zl + h^h'), 

a] = -r^zii for 2 <i < n, (19) 

a'j = ( — hzij + h^h'Sij) for 2<i,j<n. 

Special frames are quite useful for computing second and third order co- 
variant derivatives of z. By definition the Hessian of z is 

z^kO" = V''z{e,;-) ^dz,-eUk. (20) 



The third derivative of z is defined by 

ZijkO'' = V'^(ei,ej; •) = dzij - 6i Zkj - 9'^Zik. (21) 
Exterior differentiation of both sides in (I20|l gives a Ricci identity 

z^jkO' AO" ^ elzr (22) 
and in particular (for a special frame) 

Zlii Ziix — Zm — KiZ\^ (23) 

where 

iC, = (i?(ei,eOe„ei>. (24) 

Now, we consider an adapted frame field Eq = N, Ei, . . . , En in some 
open set in E. Representing by uj'^ its dual forms, by uj^ its connection 
forms and by fl^ its curvature forms, we have the following relations: 

dio' + uj] A o;^ = 0, iJj = -uji, (25) 
duij + uj'k Aujj = Q,j , (26) 

where Q'j are the curvature forms for E. Since E is a hypersurface of M 
then the Gauss equation reads off as 

= - ojS A uj° (27) 

The coefficients a^j of the second fundamental form are given by Wein- 
garten equation 

LOi = aij uj^ . (28) 

In the sequel, one indicates the covariant derivative in E by V and by a 
semi-colon. Remember that 

Vsij = daij — Ukj LOi - aik tOj = aij-k i^*" (29) 

n m m m 

~ a-ij.km(^"^ (30) 
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The Codazzi equation is a commutation formula for the first derivative of 
ttij and it is obtained by differentiating (|28|l : 

aij;feaj^ A cj* = n°. (31) 

We also prove using the preceding notation a very useful Ricci identity. 

Lemma 2 Let X be a point of E and Eq = N, Ei, . . . , En be an adapted 
frame field such that each Ei is a principal direction and cof — at X. 
Let (oij) be the second quadratic form of E. Then, at the point X , we 
have 

au-\i — a\\-u = aiiiii — iiiiii + Riau) iii — -Rioio ou + Ltma-i — Rino-i- 

The frame field Ea may be obtained from the adapted frame field 
A^, Xi, . . . , Xn by Gram-Schmidt procedure. Since this last frame depends 
only on z and Vz, we may conclude that components of R and VR 
calculated in terms of the frame Ea depend only on z and V'z. 

2.1 The prescribed curvature equation 

Now we formulate the existence problem analytically. We consider / and 
r as defined in Section 1. Then, given the second fundamental form (oij) 
in E we define 

F((a,,)) =/(Ai,...,A„), 

where Xi are the eigenvalues of {uij) calculated with respect to the induced 
metric (gij). It is convenient to denote the vector of principal curvatures 
(Ai, . . . , Xn) by A. Admissible functions are those ones for which A always 
lies in F. We may consider _F as a map from S x R" x R into R in the 
variables Zij, Zi and z. 

Thus our problem is to find E, graph of an admissible function, so that 

F[aij(z{u))) = tl;{z(u),u), u G M, 

for some prescribed positive function i/;. We recall that is required that / 
satifies 

,A = ^>0 (32) 
and that / is concave what implies that 

E/'^'^/- (33) 

i 

We also assume the condition (j4| and then we prove using the assumption 
([5]) and following [3] that 

^A, > 5 

i 

for A ^ r such that /(A) > v^q. In fact, the set 

= {A G r : /(A) > M 
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is closed in R", convex and symmetric. Thus the closest point in to 
the origin is of the form (Ao, . . . , Ao). This geometric fact implies that any 
A e is located above the hyperplane 

= |a e R" : ^Ai =nAo|. (34) 

i 

Hence, any A € is necessarily contained in the convex part of the 
cone r which is above H . This implies that upper estimates for A imply 
automatically lower estimates. 

We proceed by stating some useful analytical properties of F. No- 
tice that F is differentiable whenever / is. We denote first and second 
derivatives of F respectively by 

r^ = -P- and F'^'"' = / 1 ■ (35) 

These derivatives may be easily calculated if we assume that the matrix 
(ttij) is diagonal with respect to (gij), due to the following lemma. 

Lemma 3 // {uij) is diagonal at X then the matrix {F^^) is also diago- 
nal with positive eigenvalues fi. Moreover, F is concave and its second 
derivatives are given by 

F'^'^'vi^Vki = J2 Z^"?^'^'?" + E T^*?^'- (36) 
k.i k^i 



Finally one has 

f. _ 

< 0. (37) 



/. - /. 



Xi - \j 

These expressions must be interpreted as limits in the case of multiple 

eigenvalues of (aij). 

The terms F^^ are components of a rank two contravariant tensor. Thus 
one has 

and if the matrix {gij) is assumed to be diagonal at X, then (Fj) is also 
diagonal at that point. 

3 Height estimates 

Now, we consider, for each s, < s < 1, the map 

*(s,t,M) = sip{t,u) + {1 - s)(t){t)k{t), (38) 

where k{t) = f{K{t)) and is a positive real function defined in /, which 
satisfies the following conditions: 

a) > 0, 

b) 0(t) > 1 for t< t^, 

c) (j>{t) < 1 for t> t+, 
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d) (P'it) < 0. 



These conditions imply the existence of a unique point to £ {t-,'t+) such 
that (j}{to) = 1. Combining the conditions above on <j!> and the hypothesis 
(a) and (6) in the statement of the theorem, one proves 

Lemma 4 For il) as in Theorem 1, (j) as prescribed above and the function 
'i/ defined in (|38|) . the following statements are true: 

i) ■^{l,t,u) = ip{t,u) and ■^{0,t,u) = 4>{t)k{t), 

a) '^{s,t,u) > 0, 

Hi) ■^{s,t,u) > k{t) for t<t-, 

iv) ^{s,t,u) < k{t) for t>t+. 

Furthermore, it is always possible to choose <j) satisfying the prescribed 
conditions such that: 

v) §^'^{s,t,u) + K.{t)-^{s,t,u) < 0. 

For < s < 1, consider the family of equations 

T{s,z) = F(aij{z)) -'ii{s,z,u) = 0, z = z{u). (39) 

Notice that the constant function t = to is solution to the problem corre- 
sponding to s = 0. We denote it by zq. 

We are able to prove bounds uniform with respect to the parameter 
s of this homotopy. More precisely, one proves 

Proposition 5 Suppose that satisfies the conditions (a) and (b) in 

Theorem 1. If z £ C^{M) is a solution of the equation T{s,z) — for a 
given < s < 1, then 

t- < z{u) <t+, u£ M. (40) 

Proof: Let ii be a point of maximum for the function z{u). This exists 
by the compactness of M. Let's assume that z{u) > t+. Consider then 
the leaf M^^u) and represent by E the graph of z. Observe that E and 
are tangent at {z(u),u). Furthermore, with respect to the inwards 
normal vector common to both hypersurfaces at this point, E lies above 
M^jii). But then the principal curvatures of E at this point are greater 
than or equal to k{z[u)). Thus by the fact that / has positive derivatives 
one concludes that 

F{aij{z)) > kiz{u)) 

at (z(u), u) what is in contradiction with (iv) of Lemma Q. Hence z{u) < 
t+. Working in a similar way with the minimum u of z{u) one concludes 
that z{u) > t-. 

Now, we prove the following uniqueness result. 

Proposition 6 Fixed s — there exists an unique admissible solution zq 
of the equation T(0, z) = 0, namely zo = to where to satisfies (/f>(to) = 1- 
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Proof. That zo is solution to this problem follows from 

T(0,«o) = F{aij{zo))) - k{to) = /(/t(to)) - k{to) = 0. 

Let z be an admissible solution of T(0, z) = 0. This means that 

F{aij{z))-(j){z)k{z) = 0. 

Now, let u £ M a minimum point of z. At this point, one has V'z = 
and V'^z is positive-definite. Since k = ^ one computes explicitly at u 

i ik 1 ifc— , ^ jri 

ttj = g ttkj = —j^cr Zkj + -^Oj 

Therefore if wo consider a local frame around u which is orthonormal at 
u and which diagonalizes V''^z at this point one obtains 

a'j{z{u)) < K{z{u))Sj 

and since / is increasing with respect to its arguments 

(l>{z{u))k{z{u)) = F{a,,{z{u))) < f{K{z{u))) = k{z{u)) = <p{to)k{z{u)). 

Hence, since (j) is a. decresising function one concludes from the choice of 
M as a minimum point that 

z{u) > z{u) > to, 
for all u € M. In a similar way, one proves that 

z{u) < to 

for all u € M. Thus, one gets z = zo- This finishes the proof. 

4 Height and support functions 

As before, let E be the graph of z. We start by considering the functions 
r:S^Kand??:E^K given by 

T = -h{N,eo) and r) = -Jhdt. (41) 

The following formulae will be useful later. 

Lemma 7 The gradient vector fields of the functions r and rj are 

Vn = -fteif, (42) 
Vt = -A^iVri), (43) 

and its Hessian forms calculated with respect to given vector fields V, W 
in E are 

V^r?(V,M^) = TB{V,W)-h'{V,W), (44) 

vV(y, w) = -(Vv„^^ V, w) - {R{Vti, w)v, n) 

- T{A^V,A^W) + h'{A^V,W), (45) 
Here, Cq denotes the tangential projection of the vector field eo ■ 
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Proof. To simplify the calculations, we consider a local orthonormal 
frame Ca around a point u of AI and the associated adapted frame field 
N, El, . . . , En along E so that VEi\x(u) ~ 0. Using (fTI)) one has 

dri = —hdz = —h(dX, eo) = ~h{eQ ,Lu^Ei) 

and 

dr = -d/i(iV, eo) - h{VN, eg) ~ h(N, Veo) 

= ~h'e^\N,eo) + h{aiEjLj\eQ) - h{N,e'oe,) 
= h{aiEjiu\eo) - h'e°{N,eo) - h'{N,e'e,) 

Thus since is self-adjoint and AX = ^"eo + ^*ei, one gets 

AT = h{A^{el),u'E,). (46) 
Therefore we conclude that 

Vri = -hel, Vr = -^^(Vry). (47) 
Since Ti = h{alEj,e'E), one computes, using V£;^i5jjx(u) = 0, 

Ti.k = hk{alEj,eo) + h{al^.Ej,eo} + h{alVEkEj,eo} 
+ h{alEj,VE,eo} 

= h'{a{Ej,e°{Ek)eo} + h{ai,^E„eo) + Kofcj(iV,eo) 

+ ;i'(a^£;,,e'(i;fc)e,) 



/i (a^-Ej, -Efc) + Co) + /ia^afej(Ar, eo) 



where we used again that dX = 6^eo + O^Ci and that = —h{eo,Ek)- 
Hence, one gets from Codazzi's equation 

VV(y",W) = /i'(A^V, l¥) - ((VwA^)V?7, V) -r(yl^V^, A^W') 
= h'{A^V,W) - ((Vv^A^)VK,l/) - {R(yv,W)V,N) 
- r{A^V,A^W). 

Finally, it follows from the expression rji — ~h{Ei,eo) that 

rii^k = -hk{Ei,ea) -h{VEkEi,eo) ~h{Ei,SlEkeo) 
= -h'{E,,e\Ek)eo + e\Ek)e,) ~ha,k{N,eo) 
= -h'gik + TUik. 

Thus we obtain 

V^77(V,VK) = -/i'{V", PF) +r(A^y", W^). (48) 
This finishes proving the lemma. 

One estimates the derivatives of 77 and ■(/> as follows. In the sequel 
Vi and Vij denote covariant derivative in E calculated with respect to a 
frame adapted to E. 
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Lemma 8 The functions r} and tp satisfy the following estimates 

|V»7| < C, IVV-I < C, IV^^I < C (49) 

where C are constants depending on ip, Vip, V'^V <^''^d, on C'^ and 
bounds for z. 

Proof. The first estimate follows from the C'^ and estimates for z. In 
fact, one has rji — —hzi. In order to prove the remaining estimates, we 
observe that 

Wiip = Xi{^|)) = ei{ip) + Zieo{ip) =: tpi + Ziip^. 
Thus, using p8[) and denoting tl^i = ei(?/') and so on we have 

1 / z^z^ z'z^ 

■ ■ z''' Z"^ ■ ■ 2 Z^ Z"^ 2\ 

+ S^^ZjIpitp^ - -y^ZjTpi^z + 3^^ZiZji>^ - -^ZiZjlp^j 

= - ^{y't,Vzf + 2^4V^,v'z) 

- 2^|v'.|^(vV, v.) + V.^|V'.l^ - ^\V'z\ 

< C(|2|l,|^|l,|V..|). 

In a similar way (replacing hy ~ ipz) we prove that 

\Vi>,\<C. (50) 

One has 

XiXj{4)) = Xi{lpj + Zj^p^) = 7/>ij + Zijt/Jz + Zjipzi + Zilp^j + ZiZjVzz, 

where ipi^j = eiej{ip) and Zij- = 6^6^(2:). We then choose a geodesic frame 
Ca around u € M. In this case it holds that Zij = \^ijZ = Zij at u. Now 
using the fact that = at u, we obtain 

Vx,X« = (d2,(X,) + /i'/ie»'(X,))eo + ^(5fe''(X,)+2,e''-(X,))efc 

= (zij + h'hSij) eo + (^jCi + ZiCj) 



which implies that 



{VxjXijVtp) = (zij + h'h5ij)'pz + ^{zjtpi + zitpj). 
Hence, one obtains 

Vijtp = {'VxjV^p,Xj) = + Zjipzi + Zi^pzj + ZiZj^pz^ 

— h'hSijtpz - ^Zj^i — ^Zi^pj. 
Therefore we conclude that 

|vVl <c(l2li,|^|2,|V.|i)- 

This finishes the proof of the lemma. 
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5 Gradient estimate 



In this section, we prove a priori global estimate for the first derivatives 
of z. 

Proposition 9 Under the hypothesis of Theorem 1, if z{u) is a solution 
of equation (|39|) for some fixed < s < 1, then \V z\ < C , where C is a 
constant that depends only on t-, t+ and ip. 

Proof. We present the proof for s = 1. There is no essential changes for 
< s < 1. 

Set x{z) = |V'z|e'*^ where A is a positive constant to be chosen later 
on. Let u be a point where x attains its maximum. If xl'") = then 
|V'z| = and so the result is trivial. Hence, we are going to assume that 
x(w) > 0. Thus we may define the function \nx{z) — In \ Vz\ + Az which 
also attains its maximum at u. Hence, fixing a special frame in some 
neighborhood of u one has 

Az , 4 Az 1 

= e Zil + Ae z Zi, 

which implies by the symmetry zn = zu of the Hessian form that 

2ii = -Azl, Zu = 0, i > 1. (51) 

where we used the fact that Zi\u = for i ^ 1. Substitution of this into 
(|19[) yields au = for i > 1. This implies that the direction ei at u is 
principal. Then, we may rotate the other vectors 62, • . • ,e„ so that they 
are also principal at u. With this choice we have Oij — for i ^ j ate 
u. As a consequence of this, one sees from (I19|) that Zij{u) = for i 7^ j. 
Thus, the Hessian of z is diagonal at u. 

Differentiating again the function x at u, one obtains (no summation 
over the index i) 

> Xi;i = ^<i^' ZiZii + A? e^'' zizi 

+ e'*^ ( 2j^i + Ziii + —z^i + AziZii + Az\Zi 

\ 21 21 

Hence, one concludes from this inequality that 

2111 + A'ii + 3A21211 < 0, (52) 
1 2 

Zi\i H Zii + AziZii < 0. (53) 

2l 

Combining the first inequality just above and (I51|l gives 

2111 - 2A^z^ < 0. (54) 

From dHSI and one gets 

^2 

Ziii < — — — AziZii — KiZi for i > 1 . (55) 
2:1 
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Now we can start putting all this information together to obtain the 
desired estimate. We start by taking the derivative of equation (|39|) with 
respect to the direction ei. Using the fact that the matrix (aj) is diagonal 
at ito and the remarks just after Lemma [S] we obtain: 

E^^/I^^n +E^;'^^i = V-.-i - E^^l^^-i- (56) 
■f^ dzi ^ dz ^ dzii 

i — 1 1 z — 1 

Taking derivatives of a\, using p9p we obtain 
da\ h 

da\ 3zi 1 42i/i' 

9al _ /'/i' 'ihh'\ 1 



j h' 3hh'\ I 2 /,,// ,/2\ 2 



and for i > 1 



dal ]_ 

dzii hW ' 

da] _ z\ i 



dz hj ' hW ' 

Replacing this into (|56p and using (|5H) and rearranging terms yields 
f^Azl h' 3hh'\ , 1 

^ ^ ' ' i>l i>l 

= V.2l+^^l'^2lll+E^'7^^"l- (57) 

Using (|54ll and (|55p we can estimate the right hand side of (|57[l by 

< ^,21 + Az, E + - ^^i|^(2^i' + '^') 
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where we used the expressions of a\ and al given in (|19|) and the fact that 

f:>o. 

Transposing the term in X]i>i from the right hand side in (|58p to 
the left hand side of the equation (I57|l . and adding it with the one that 
was aheady there and finally choosing A so that 

Ah'h+ih'h)' + mm Ki>0 (59) 

i 

results, by the fact that h' > 0, in a positive term that can be discarded. 
Notice that Ki = {R{ei,ei)ei,ei) does not depend on derivatives of z. 
This and the fact that h and its derivatives are uniformly bounded in the 
annulus Mt_,t^ show that we may choose any A > Aq for some Aq which 
depends only on t-,t+ and |2:|o. 

We may estimate the left hand side of the inequality resulting from 
(|57[) after these manipulations as 

LHS > 

(2Azl 2h' 2hh'\ 1 1 



+ hh' + h^h"^Fl. 



(60) 



Transpose the term with Fl from the right hand side in (|58|) to the right 
hand side in (I60|l and add it to the one that exists there. Transpose the 
term in J]]^ Fla\ from the right hand side in (|60|l to the right hand side 
of the inequality (I58|l obtaining 



RHS < ^.z, + Az, ^ i^ai - .1 - ^ - ^) ^ Fl<A. (61) 



For the left hand side we obtain 



Azl h' hh'\ „i 1 , zi f 2z'i „ ,2, 



+ hh' + h^h" +Ah'(-2zf + h^)-A^zfh^Fl. (62) 

Thus, replacing in (|62|l the expression for a\ in (|19p and gathering the 
resulting expression to (|61|l . one gets 

221 f Azf h' hh'\ , 2 , oj.' 2 , ,2,/x r^l 

i + 77 ~ W^J iAhz,+2hz,+hh)F, 

^{hh" ~h'^) + hh' + h^h" + Ah'{-2zl + h^)- A^zfh] F} 
W-^ \ h J 

< + Az, J2F:al-z,{^-!^-'-!L)Y: Flal. (63) 

i i 
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Observe that in (|63p all coefficients of Fl have uniform lower bounds and 
moreover that the first term in the left hand side of (I63p is nonnegative. 
Thus, it is possibel to consider this inequality as polynomial in A writing 
it as 

Fi [aA^ + bA + c) < Tpi +ip^zi + Azi'^F-ai 

i 

E i i,Azl hh' h\ 
^'«>(l7J- 175--^)' (64) 

i 

where a,b e c are coefficients uniformly bounded in terms of the functions 
h, h' e h" . Thus, we must consider two cases. First, we suppose that Fl 
is uniformly bounded from zero, i.e., that there exists a constant C > 
such that Fi > C em E. In this case, the coefficient 

a^'^{z!-h')F,' (65) 

is necessarily nonpositive, since A may be chosen arbitrarily large in (|64p . 
Thus, it follows that zi{u) < h{z{u)) and therefore zi(u) < h{t+). 

The other possibility is that Fl has no strictly positive lower bound. 
In this case, it is convenient to write the left hand side in (|63p as 

Fl (2{A + ^){Ah + h')x'' + {h" -^-Ah' - A^h)x^ 

+ {h" + ^+Ah')xy (66) 

where x = Notice that we may suppose without loss of generality that 
X = 0(1). Otherwise, there exists some constant a < 1 so that x < a 
what implies the estimate 

(1 — 0^)2:1 < a^h^ . 



Thus, fixing A = Aq m (|64p . the coefficients in x are uniformly bounded 
for X = 0(1). This implies that the the expression in (|64p is 0{e) for some 
very small e > 0. Thus, we conclude using the inequality i/j > J]]^ Flal 
that H63p may be written as 

0{e)W^ - {ip, + —iP)ziW'^ < Vi + Aoh^^ + h'h'tp. (67) 
The hypothesis (c) in Theorem 1 may be stated as 

i>z + ji^< 0. (68) 

Then if we choose 



an estimate for W\u follows from (|67|l . 

In both cases, by definition of the function x, a bound for zi{u) implies 
an uniform bound for \7'z. This completes the proof of the Proposition |9l 
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6 Hessian bounds 



This section is devoted to the proof of Hessian estimates. We will show 
that the terms of the second fundamental form are bounded by above. 
Since we already have and estimates, then this information allow 
us to obtain the Hessian estimates. 

With this purpose in mind, we define the following function on the 
unit tangent bundle of E: 

C(n,C) = B(?,C)e^'"'~''", (69) 

where u £ M, ^ is an unit tangent vector to E at {z{u),u), the functions 
r e 77 are defined in (|41|l . the constant /3 > will be chosen later and the 
real function ip is defined as follows. Notice that by definition the function 
r is bounded by constants depending on bounds for z and V'z. Hence, it 
is possible to choose a > so that r > 2a. Thus, we define 

V5(r) = -ln(r - a). (70) 

Hence, one has differentiating with respect to r 

^-(l + e)^' = ^^-—~jl±^ = -^^<0 (71) 
(r — a}'' [t — a)^ (r — a)^ 

and by the choice of a given an arbitrary positive constant C, one has 

-(1 + <pt) + C{(p - (1 + e)vi') > C, 

for some positive constant C depending on bounds for 2 and V'z. 

We suppose that the maximum of C, is attained at a point u and along 
the direction ^ tangent to X = (z(u),u). We may choose a geodesic 
orthonormal reference frame Ea around X as defined in Section 2 so that 
ijJi\x = 0. One may rotate this frame in such a way that f = iJi at X. We 
then consider the local function an = B{Ei, Ei). Thus we easily verifies 
that the function 

C(p) = an e^^"'-'''' (72) 
attains maximum at X. Thus, it holds at u 

= (In C)> = ^ + I3tj, (73) 

an 

and the Hessian matrix with components 

(lnC)i;j = 2 ^ + VTiTj - /StJ^-j 

an flj^j^ 
is negative-definite. Thus 

ail afi 
+ ^F"nTj - l3F''ri,, < (74) 

It is clear that an is the greatest eigenvalue of B and therefore aii = 
for j 7^ 1. Thus, we may rotate the orthogonal complement of Ei so that 
in the resulting frame the matrix (a^j) is diagonal at X. By Lemma[31 it 
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results that {F^-') is also diagonal with F" = fi. We denote Ai — aa^u) 
and choose indices in such a way that 

Ai > A2 > ■ ■ ■ > A„. 

Moreover, we assume without loss of generality that Ai > 1 at u. Thus, 
according Lemma [3] we have 

/l < /2 < ■ ■ ■ < /n. 

From (|74|) one then gets 

^ — /iaii;« — ^/i|aii;i|^ + <^/iri;i + (/3/i|Ti|^ — /3/ir7i;i^ <0 (75) 

Now, we differentiate covariantly with respect to the metric (flij) in E the 
equation (|6]) in the direction of E\ obtaining 

and differentiating again 

F^^aij-ii + F''^''''aij;iaki;i = (76) 

From Ricci identity in Lemma 1 and using the fact that 5{f) < "^^i fi^i < 
/ = ■(/) we have 

F^^Uij;!! < —^'iS + \Rioio\'>l-> + {fiaii;ii + XifiX^ + XifiRiOio 

i 

+ fiRiOiO;! ~ fiRl010;i) ■ 

Combining this expression and (|76|l and replacing the resulting expression 
in (|75[) one has 

+ -7- {SXl ~ i/'l-Rioio I) - -^F''^''''aij.iaki;i - .A^? 
Ai Ai Ai -^-^ 

— fiRiOiO — — /i {RiOiO;l — -Rl010;i) + — fi\o,ll;if 

i ^ i i ^ 

From (|44)) we have at X 

i i 

where T = /,;. From (|45p and denoting 

Rk^ := {R[Eu,E,)E„N) = n1{Ek,E,) 
and using that (/) < it holds at X that 

i i^k i,k i 

+ iph'ij} 

= -</'(X]'?'°V'fc +X]'7'°-Rfei/i) -'p-r^fiXi +iph'ip. 

k i,k i 



17 



Using (|49|) and estimating the ambient curvature terms by constants Ck 
terms one obtains from Lemma 8 

- ^ ^{n^-^k + CkT)) + ^h'lP > ~\ip\{C + CT). 

k 

Therefore, we have 



Now, we suppose without loss of generality that 

Al > — ^ ^ |-RiOiO;l — -Rl010;i|, 

z 

for some C > 0. Moreover, supposing that Ai > 1 one has 

-^^\Rww\>~C and ^>-C 
Ai Ai 

for some positive constant C. FinaUy one has 

-Y^/iEiOiO > -Tmax |_RiOio| > -CT. 

^ — ^ i 

i 

We then conclude from these inequalities that 



E - + CT) -^rJ2 /.A? 

^ i i 

+^J2f^\^^\^ -(^i^^-^'T) <0- (77) 

i 

Finally, we also have from (|73p for any e > the inequality 

< {l + -)P\nM' + ii + ^)vMrz\'. (78) 



Now, for proceed in our analysis, we consider two cases. 

1"* Case. In this case, we suppose that A„ < —9Xi for some positive 
constant 9 to be chosen later. 

Replacing the sum of terms in (|78|) in the inequality (|77p and using 
Lemma 8 one has after grouping terms in T 

5M~C- C\iP\ - ^F'^''''a,j,iaki.i 
Ai 

-{C + C\^'\ - h' f3 + C{1 + ^)P^)T 

-(1 + <^t) j2 /-a? + (^ - (1 + e)^') J2 - ^ 0- 



18 



Using (|43p and the fact that [aijj is diagonal at X and Lemma 8 we 
calculate 

J2M^^\' -Jlf^^'M' <cJ2f^^'- (79) 

i i i 

Hence, we get 

SXi — C — C\ip\ — —F'^'''''aij:iaki;i 
-{C + C\ip\ ^ h' p + C{1 + ^)P^)T 

+ {-{l + ipr) + C{(p - (1 + e)ip')) J2 - < 0. (80) 

i 

Now, using the concavity of F we may discard the third term in the left- 
hand side of (|80|) since it is non-negative obtaining 

-Ci(/3) - C2(/3)r + 5Ai + /,A? < 0, 

i 

where Ci depends linearly on jj and C2 depends quadratically on /3. Since 
fn. > —T, we have 

n 

Thus it follows that 

-Ci-C2T + 5\i^C-e'^T\\<Q. (81) 



This inequality shows that Ai has an upper bound. In fact, if we assume 
without loss of generality that Ai > C for some positive constant C, the 
coefficients of the terms in T in (|81|) have a nonnegative sum. Thus, 
discarding these terms, one gets 

2"'' Case: In this case, we assume that An > —9\\. Hence, A; > —dXi. 
We then group the indices in {1, ...,n} in two sets 7i = {j; fj < 4/i} and 
^2 = {j; fj > 4/1}. Using ((Til) we have for i G h 



Ai e 
Therefore, it follows from (iTTll that 



-C-CT + SXi - -lF'^''='ai,;iaHa - (l + 'pr) ^ />A? 

-X2 E - Iv^K^ + CT) + (^ - (1 + ^)^') E 

-C(l + ^)P\fi - I3{ri, - h'T) < 0. 
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Notice that we had summed up to the inequahty the non-positive terms 

ie/2 

Using Lemma 8, one has 

and as we had seen above one may prove that 

- (1 + ^r) J2 /«^? + (Vi - (1 + ^)^^) J2 /^l^'l' ^ Cj2f^^' (82) 

i i i 

for some positive constant C . Thus we have 

i 

-T2 E /^ l"";^!' - + - C{1 + -)l3^h 

-I3{t'iP ~ h'T) < 0. 

Denoting Rji = ^\{Ej,Ei) one has by Lemma |3] and the fact that 1^/2 
and using Codazzi's equation 

- f F'^-^'a,,;iaH;i > -f E T^(«ii;. (83) 
Ai Ai Ai — A, 

Following [7] , we may verify that choosing 6 = ^it holds that for all j G I2 
it holds that 

2 h - /. ^ /. 



> Ti- (84) 



Ai Ai — \j A^ 

Considering the inequalities (|83p and (|84p and using (|82p one has 



+C^/,A?- ^ _|^|(C + CT) 

-C(l + i)/3Vi - /?(^V' - 'I'T) < 0. 



Hence one obtains 



-C -CT + 5\i + 2j2 J-(-'fi''^ + /^%)-Rii 
jei2 ^ 

+(7 V /,A? - mC + CT) - C(l + i)/3Vi 

-i3{tiP - /I'r) < 0. 

We now estimate using that ip < and that Aj < Ai and — Aj < 6IA1 < Ai 

2^{-ipTj)R,^ > 2^ip\\,\\r|,R,^\ > 2f,^\njRji\. 
Ai Ai 
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We also may suppose without loss of generality that it holds that 
for all j £ l2- Thus, these inequalities imply that 

-c-CT + s\i + 2j2 f,^\v,Rn\- 

+Cj2f^^^ - + CT) ~ C{1 + 

i 

-P{tiIj - h'T) < 0. 
Since Eje/^ fj < T, \V]Rji \ <C,ip<Oone has 

-C-{C + C\ip\ + 2Pj - l3h')T - C(l + + SXi + CfiXj < 0. 

Choosing /3 > sufficiently large the term in T is positive and we may 
discard it obtaining 

-C-C2(/3)/i+5Ai + C'/iA? <0, (85) 

where C2 depends quadratically on 13. Reasoning as above, one concludes 
that this inequality gives an upper bound for Ai. 

7 The proof of the Theorem 

To prove the theorem we are going to use the degree theory for nonlinear 
elliptic partial differential equations developed by Yan Yan Li. We refer 
the reader to [8]. 

In Sections 3, 5 and 6 above, it is proved that admissible function 
z which solve the equation T{s,z) = for some < s < 1 satisfy the 
following bounds 

t- < z{u) <t+, ue M (86) 

and 

\z\2 < C (87) 

for some positive constant C which depends on n, t-, t+ and ^j). Then the 
C*'" estimate for some a € [0, 1] follows from (|87|) and from the results 
of L. C. Evans e N. V. Krylov as stated in Theorem 17.16 in [6]. One has 

kk.c. < C (88) 

for some constant C > 0. 

Fixed that a we denote by C*'"(M) the subset of C*'°(M) consisting 
of admissible functions for F and define as in Section 2 the homotopy 

T(s, ■ ) : Cl'^iM) ^ C^'"(M), < s < 1 (89) 

and we consider the family of equations T{a,z) — 0. In order to apply 
degree theory, we need to prove certain assertions which are intermediate 
steps in the method. 
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It is easy to see in view of the C" and estimates that there exists 
(7 > for which 

C < *(s, z{u),u) < 4, ue M, (90) 

c 

for < s < 1 and any z G C"''"(M) satisfying §6^ and (dH). Now, if 
z G Ct"iM) solves T(s, = for some < s < 1, then 

F{a,,{z)) = 'i'{s,z{u),u) 

and obviously 

C < F(a,j(2H)) < 4, «gM. (91) 
C 

However, we may verify that there exists some open bounded set V C T 
with V CF such that if 

c<.f{Xi{z{u)),...,x4z{u)))<i 

then 

A(2(u)) G K (92) 
In particular, by (|9ip we conclude that the matrix {aij{z)) satisfies 

Xia,,{z))eV. (93) 

We then define the open set in Ca'°'{M) consisting of the admissible 
functions satisfying (|86p . (|88p and (|93|) . Thus, our reasoning above shows 
that any admissible solution z of T(s, z) = for some < s < 1 is 
contained in 0. In particular, we conclude that 

T(s, ^"'(O) n90 = 0, 0<s<l. (94) 

Thus, according to Definition 2.2 in ^ the degree deg(T(s, ■),O,0) is 
well-defined for all < s < 1. 

Proposition 6 shows that zq = to is the unique admissible solution 
to T{0,z) = in C*'"(M). We must prove that the Frechet derivative 
Tz(0, zo) calculated around zo is an invertible operator from C*'"(A/) to 
C^'°(M). One computes 

T(0,pz;o) = F{aij{pzo)) ~ (l>{pto)k{pto) = k{pto) - (j){pto)k{pto) 

and using the fact that ^(to) = 1 and that <j}'(to) < 

T,(0, zo) ■ zo = :^T(0, pzo)\p=i = -(j)' {to)k{to) > 
dp 

On the other hand, since obviously V zo — and V^zo = 0, then 
Tz(0, zo) ■ Zo is just a multiple of the zeroth order term in Tz(0, zo)- We 
conclude that Tz(0, zq) is an invertible negatively elliptic operator. 

We finally calculate deg(T(l, ■ ), 0, 0). From Proposition 2.2 in [S], it 
follows that deg(T(s, ■ ), O, 0) is independent from s. In particular, 

deg(T(l, ■),O,0) = deg(T(0, 0,0,0). 
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On the other hand, we had just proved that the equation T(0, z) = has 
an unique admissible solution zq and that the linearized operator Tz(0, zo) 
is invertible. Thus, by Proposition 2.3 in one gets 

deg(T(0, ■ ), 0, 0) = deg(T,(0, 2:0), 0, 0) = ±1. 

Therefore, 

deg(T(l, ■),O,0) /O. 

Thus, the equation T(l,z) — has at least one solution z £ O. This 
completes the proof of the theorem. 
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